Chapter 2 Laplace Transformation

L(F@)=F(s)=["e* fdt, f©)=L"(F(©)

Properties:

L. L f®)+c,g) =cL(f)+c,L(9)

2. L(f")y=sL(f)—f(0)

3. (. fdo) =é|_(f)+§j: f(t)dt

Pf: Let G(t)=[ f(r)dz, then G'(t)=f(t)

L(G") = sL(G)—G(0)

— L(G) =§L(G')+§G(0) N L(J: f (t)dt) :éL(f)+éLO f (t)dt

4. L(f"y=s’L(f)—sf(0)— f'(0)

L(f")=sL(f)~f'(0) =s[sL(f)~ f(0)]- f'(0) = s*L(f)~sf(0)~ f'(0)
5. L(f(at))= é L(f)|,,

L(f(at)=["e* f(at)dt = é [Teemf ad(at) = é [Te ™ f()de

1
= L,
a

6. L(e™)=1/(s+a)

1

7. L(sinat,cosat) =—5—
S"+a

(a,s)

8. L(t")y=nl/s""

9. L(u(t)=1/s

10. L(coshat,sinhat)=(s,a)/(s*—a’)

1. LEe™ft)=L(f),,



Ex. y"-3y'+2y=12e", y0)=2, y'(0)=6

L(y" =3y +2y)=L(12e*") = 12
S+2
(L) - Y'(0) - sy(O)]-3sL(y) - O]+ 2L(y) = L2 ) =2
12 12 2s

(s? —3s+2)L(y):m+2s, L(y)=

12 2s a b c

L(y)= + = + +
(s+2)(s—-1)(s-2) (s—-1)(s—2) s—-1 s—-2 s+2

a=(s-DL(y)|,_=-6, b=(s-2)L(y)|_, =7, c=(s+2)L(Y)|_, =

L(y)=- 6 , 7 1 , y(t)=-6e"+7¢" +e*
s—-1 s-2 s+2

Ex. y’+3y+2‘[;ydt:e‘3t, y(0)=1

ey +3y+2[,ya) =Le™) =, sLy) = y(0) 3L+ L(y) -

(s+2)(s*—35+2) " (s> =3s+2)

1

S+ S+3
(s+3+E)L(y):L+1,
S S+3
L(y)= S N S _a . b LC
(S+3)(s+1)(s+2) (s+1)(s+2) s+1 s+2 s+3
3 3
a=(s+HL(y)|_, == b=(s+2)L(y)|,_, =4, c=(+3)Ly)|_, =3

31 1 31 3 3
L(y)=—=——+4 —-= , Y =—=e"'+4e7 —=¢
) 2s+1 S+2 2s+3 yo 2 2

Ex. y’+2y+6j'(:zdt=—2u(t), y+2'+z=0, y0)=1, z(0)=1

L(y’+2y+6J'(: zdt) = -2L(u(t)) > s(s+2)L(y)+6L(2)=-2+s5

L(y+2'+2)=0 > sL(y)+(s+1)L(z)=2

-24+4s 6
L(y)= 2 s+l s’ —s—14 _ s’—s-14
s(s+2) 6 S(S+2)(s+1)—6s s(s+4)(s—1)
S s+1
71 3 1 14 1
oy 00t
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Lyl S 2 | s’+46s s+6 71 21
s(s+2) ©6 S(s+4)(s—1) (s+4)(s—-1) 5s-1 5s+4

S S+1
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2(t)y=—e ——e .

(t) s€ 5

Theorem.

If f(t) is continuous on (0,0), lim f(t) exists, f'(t) is at least
t—0"

piecewise regular on [0,0) and both f(t) and f'(t) are of exponential
order, then

lim f(t) = limSL(f) = f(0°), lim f(t)=limsL(f)

Pf. L(f")=sL(f)-f(0")

lim L(f") = lim [ "e~* f bt = lim[SL( )~ £ (0")] =0 — limsL(f) = £ (0")

lim :e‘“fdt:ygg[sL(f)— f(0+)]:j0°°fdt= [y — lim f (t) = limsL(f)
Theorem.

If L(f)=s¢(s),then f(t) :%L‘l(@

Pf: Let F(t)=L"(4), then L(F)=¢, L(F")=s¢—F(0)

But, F(0)=limsL(F)=limsg=0, So, L(F")=s¢—> f(t)= F':%L‘l(qﬁ)
1 2 . 1d 2

1d
= I(—=—)=——sin2t = cos 2t
232+4) 2 dt (32+4) 2 dt

d
Ex. L'(—)=2|"
x (sz+4) dt (
Theorem.

If L(f)=¢(s)/s, tehn f(t)=_[(: L™ (¢(s))dlt

Pf: Let F(t)=L"(#), then L(j; Fdt) :éL(F) :?: L(f)



O b _1
—>f_j0|:dt_j0|_ (¢)dt_§

-1 1 _ t -1 _
Ex. L [s(sz+4)]_IOL (32 - _j st
=%%(—cos 2t )|t0 =%(l—cos 2t)
Properties:
a. LE™)=L(H)]_,b, L'(g)=e"L"(#(s-a)
b | b
Ex. L(e™™sinbt)=L(sinbt = =
( sin ) (Sln )|s s+a 52+b2|s=5+a (s+a)2+b2
. s s+a
Ex. L(e™ cosbt)= L(cosbt)|S “a_ms:w:m
!
Ex. Le™t")= -
( ) n+1 e (S+a)n+l
Ex.
o, 25+5 S 2(s+2)+1 Ly 25+1
N PR TY il eeee el b
S°+4s+13 (S+2) +3 s°+3 $=5+2
s+1 1 3
-1 —L'[5—
[S +32]s s+2+3 [Sz+32]s=s+2
— 2e ' cos 3t +%e_2t sin3t =e (2 cos 3t +%sin 3t)
Ex. y"+2y'+y=te™, y(0)=1, y'(0)=2
, _ 1
{S*L(Y) = sy(0)]- Y'(0)} + 2[sL(y) ~ Y(0)]+ L(y) = L(te ") = (51
1 S+1 I 1 1 13'
s+1)’L(y) = ts> L) =——F+—5=[—=5+7=
S+D'L = o D= orr s 5 T aret s
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y=eu) -+ ]
Ex. L[f(t—aut-a)]= j: e f(t—aut-aydt=e" j: e f (t—a)u(t—a)dt
Let t-a=7—>

L[ f(t—ayu(t—a)]=e"* jw e~ f(r)u(r)dr=e> j: e~ f (r)u(r)dr =e *L(f)

Ex. L[f(tut-a)]=e*L[f(t+a)]



Ex.If L'(g)=f(t), then L'[e*g]=f(t—aju(t-a)
Property: If L'(g)= f(t), thenL(tf ) =-¢'(s)
#(s) = j:’ e f (t)dt — —¢'(s) = j: e Stf (t)dt = L(tf ) —

(—1)¢"(s) = j: e f(tydt = L(* ) - (=1)"¢™(s) = L") -
f=(D"L"[¢"(9)]
Ex. L(t*sin2t)=(-1) % L(sin 2t)

Ex. L=

- (S—H)_——[ln(s+1) In(s-1)]= —L+L_L[e e']
s+1 s-1

ty_et_e,t_sinht y_smht
2’ 2t

Property: If L(f)=¢(s), then L(%):L%ds

Pf:. L(f)=¢(s)= J':e’“ fdt —
[Tgds=["[ e fatds=["f[ edsdt=" f(t)(—e;_ﬁw)dt =[ e %dt

= L(%) - f =t f¢ds)

sin at

Ex. L(

)= J'w L(sin at)ds = —ds
s s 52 +a’

Let s=atanfd — f=tan"'(s/a), ds=asec’0d8,

7/2 V4 .S 1,5
J- L do==—tan"' (=) =cot™'(—)
tan (s/a) a a

2
Ex.
S
y=L" [( )z] (y)_(SZT)Z—)
AT _le=d®+) 1 1 7 1 1 sint
L(t)_L (s2+1) - I (s> +1) 2sz+1ls_2sz+1_|'( 2)
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Ex.

=|_—1; L - S

y. > S d(s —1) 11 [ 11 sinht
L_= = = = — =L

¢ J (-1 I ($°-1° 2s-1, 2s-1 )

1
=—tsinht
y 5 sin
Hw. Find the Laplace transformation of the following forms:
a) tJ.(: e_3t 31H(2t)dt N b) e_31 I;t Sln(zt)dt ) C) J.(: te—3t Sln(2t)dt , d) J: e_3t Sln§2t) d‘t

e) e .[;@dt

Hw. Find the inverse Laplace transformation of the following forms:

s+a e’ +e? s?+1
R A 1— - 1— In
2) s+b’b) s —3s+ C)S( )d) tan - ©) s(s+1)’f)
b
(s+2)*’
9 —> . h L ) &

(s+2)*’ s(s+2)" 77 s(s+2)*
§ f®O=L"[p(s)/q(s)]

Case 1. if p( Z 4 ,all ¢ are distinct, then
i1 S—GC

f(t)= ZaeCt where a =(s— c)p(())

Kk
Case 2 if P& _ > & | b ot by ,all ¢ are distinct,, then
q(s) 4's-c¢ s-—d (s—d)"

p(s):Z": I b 4 o4b, 1 (m—l)!’
q(s) ‘='s—¢ s-d (m-1)!(s—d)"

ot adt " 1L d™ o p(s)
y(t) = ;:ae +e®(b +..+Db, nm 1)) where b (m—l)!ds”“l[(s d) q(s)]L:d
Case 3 if



p(s)  As+B _A(s+a)+(B—Aa):A (s+a) +B—Aa

q(s) (s+a)+b>  (s+a)*+b (s+a)’+b> b (s+a)+b
PO e Acost+ 2 A int)
q(s)
2
Ex. L'[—> 12
s(s+1)(s+2)
s—s+s+2  s+1-2 P S S R
s(s+1)(s+2) (s+1)(s+2) s(s+1) s+2 (s+I)(s+2) s(s+1)
_ ot r 111303
S+2 s+1 s+2° s s+1 s s+1 s+2
2
S+ J=u(t)-3e" +3e™
s(s+1)(s+2)
S
Lfl
[(s+2)2(sz+23+10)]
S S a b c(s+1)+d

(54225 +25+10) (542 [(5+1)+37] 42 (5+2)  [(5+1)+3]

s=[a(s+2)+b][(s+1)* +3*]+(s+2)°[c(s+1)+d]
2=10b, b=-1/5
0.2(s*> +7s+10) = a(s+2)[(s+1)> +3* ]+ (s +2)’[c(s+1)+d]

0.2(s+5) =a[(s+1)> +3*]+(s+2)[c(s+1)+d],

0.06=a, 20—6(s+1)=100[c(s+1)+d], c=-0.06, d=0.2

L] : 1= (1t
(s+2)*(s*+2s+10)" 50 5

1 3
e +e'(—sint——cost
) (15 50 )

s+1 ],b)

S+2 s?—5+3
1,¢)

L[ L[

Hw. a) L _—
w. ) [(32+1)(52+4s+13) (s +4s+5)°
S+2

]

s*+4s° +4s* —4s -5

d) L
Ex. y"+3y"+3y'+y=e", y(0)=y'(0)=y"(0)=0

L(y"+3y"+3y' +y)=(s’ +3s° +3s+1)L(y):ﬁ
+

11 3
(s+D)* 3l(s+1)

1
L(y)= o y(t)=§e ‘t?

Hw a) y"+4y' +4y=(t-2)e " 2ut-2), y0)=1, y'(0)=-1

$’+652+11s+6

]



b) y"+4y'+13y =%e‘2‘ sin(3t), y(0)=1, y'(0)=-2
§ Convolution L[ j; f(£)g(t—7)dr]
L[I; f(£)g(t—7)dr] =j03°e—sfj; f(£)g(t—7)drdt
[T j; f(D)gt-out-r)dedt=[ e[ f(r)g(t-u(t-)drdt
= j: f(7) j: e g(t—r)u(t—r7)dtdr = j: e f (r)L(g)dt = L(f)L(g)
Ex. y"+4y' +13y=e"cos3t, y0)=1, y'(0)=-1

L(y"+4y'+13y)=L(e ™ cos3t),

(s> +4s+13)L(y)=L(e ™ cos3t)+S+5

S+2+3

Le*cos3t)+————
( ) (s+2)° +3

O ey

y(t) =€ (cos 3t +sin 3t) +%J.; e sin3re " cos3(t—r)dr
y(t) =€ (cos 3t +sin 3t) +%J.; e*'sin3rcos3(t—r)dr
Ex. y"+2ay'+(@> +b*)y=f(t), y0)=y'(0)=0,

L[y"+2ay'+ (@’ +b*)y]= L[ f (1)]

1
[(s+a)’ +b’]

[(s+a) +b’IL(y)=L[f (D], L(y)= L[ f ()]
y(H) == j ‘e sin(br) f (t—7)d 7

bJo
Hw y"+2ay’+(@’+b*)y=f(t), y0)=c,y'0)=d.

. f 0 d n d n
Properties:  L(-)=[ L(f)ds, L(th)=(-—)L(F), LA"f)=(--2)"L(f)

t s ds ds

Properties; ggSL(f): f(0) , lsiirolsL(f):¥ijE f(t)

Ex. y'+2ty'—4y=1, y0)=y'(0)=0
L(y") = sL(y)~Y'(0) = sL(y") = s[sL(Y) - y(0)] = S’L(Y)



L) ==Ly ==Sgst) - yon =Ly —s
S ds ds
L(y" +2ty'—4y) = L(1) > (8" —6)L(y)—2s LW _ L AL 6-57 (y)___

ds S ds
Integrating factor

65’ s? ;8 3 s’
Hu(s)= eXp[ITdS] =exp(3Ins _X) =exp(lns —?) =S exp(—?)

—[L(y)s3 -s /4] _2_22536—52/4 _ _lse—szm

L(y)s’e™" = %.[ se‘ds =c—[e™"d(s’ /4)=c+e*

L(y)=—¢° 4 +SL accordingto limsL(y)=y(0)(=0) yields c=0

3

S
11 1
L(y)=—=— t) =—t>
(y) S 72 y(t) 5

Ex. ty"+(4t-2)y'—4y=0, y(0)=1

2
3

Lty') = —di Ly) =L sL(y) - (0 =Ly s L Ly
S ds ds
Liy") = —% L(y) = —%{suy') y(0)) = —%{s{suy) Yoy

=—di{s2L<y)—s} —asL(y)-s" L Ly +1

S ds

ty"+(4t-2)y'—4y=0—

[—2sL(y)—sziL<y)+1]—4[si L(y) + L(y)]—2[sL(y) ~ 1] 4L(y) = 0

(s’ +4s)—L(y)+(4S+8)L(y) 3 —>iL( )+ 4s+8 L(y)= 23
ds s* +4s S*+4s

Integrating factor

4s+8 2s+4
u(s)= eXp[Imds] = exp[2jmds] — exp[21n(s’ + 45)] = (5 + 45)’

%[(s2 +48)’L(Y)]=3(s* +4s) > s*(s+4)°L(y)=Cc+5s’ +68°

c 1 2 . . s
5 -+ + -, limsL(y)=1lim >
ST(s+4)° s+4 (s+4) s s> (S+4)

1 _ a'1 a2 a3 a'4

s2(s+4)? s 57 s+4 (s+4)°

=1 ok

L(y) =

1=(s+4)’(as+a,)+s’[a,(s+4)+a,], a,=1/16



1 ) 1 1
——(s-4)=(s+4)(as+a,)+s’a,, a,=—, a,=1/16, a =——
16( )=(s+4)(as+a,) 5, 8 3 & 1773,

Cc 11 11 1 1 1 1

T ]

S(s+4) 325 165 325+4 16(s+4)

y= 3i2[1+2t —e 4 2t e (1420)

Ex. y"+8ty'—8y=0, y(0)=0, y'(0)=-4
Let Y(s)=L(y)

d d d dy
L(ty') = —— L(y') = ——{sY — y(0)} = ——(sY) =~ ——Y
(ty") & y) ds{s y(0)} ds(5 ) Sds
L(y") =sL(y)—y'(0) =sY +4

L(y"+8ty'-8y)=0—> s’ +4—8(s?j—Y+Y)—8Y=0
s

2_
s _(st_16)y =4, I _S 16y _ 1
ds ds 8S 2s

2 2
Integrating factor 1(S)=exp {—Isg—léds} =exp {_f_6+ 2lns}= s’e 10
S

di{sze—sz/mY} _ %se—sz/m ) 526—52/16Y _C _l_%.[se—sz/leds -C _4e—sz/16
S

S—0

Y =Cs?%""°~4s52, limsY =0 yields C=0, Y=—4i2, y(t) =—4t
S

Ex. ty"+(t-1y'+y=0, y0)=0
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